In this paper we describe an automatic refinement of finite-element meshes in structural analysis including shell problems. At first the adaptation to curved boundaries and surfaces is discussed. Central point is a topological description, which is independent of the discretization. The second part deals with local refinements adapted to the solution by error estimation. Three a posteriori indicators are compared by examples.
Introduction
Errors in the finite-element analysis of structures arise from (1) the mathematical modelling, (2) the approximation of the boundary afi and the domain 9, (3) the approximation of the displacement field and their derivatives within the element In, and (4) round-off errors in the numerical process. Adaptive methods for (1) are left to future research. Important requirements on automatical mesh generation and refinement result from (2) . Some of the a priori criteria concern this subject, such as considering the distance from the discretized to the real geometry. Several a priori criteria and the a posteriori indicators are applied to solve (3) . The a priori criteria deal with, e.g., side length ratios or inner element angles, the a posteriori criteria are evaluated from discrete solutions. as described in Section 3.
This paper demonstrates
the finite-element mesh adaptation in structural analysis with respect to the error sources listed above. It contains our recent progress in research, based on the former results in [11, 14] .
Concepts for mesh generation and refinement
A finite-element discretization consists of nodal coordinates, an assignment of the nodes to elements and nongeometrjc information, at least about loading, material parameters and boundary conditions.
The basis for mesh generation and refinements in our finite-element program INA-SP (INelastic Analysis of Shells and Plates) is a topological description of the structure, which is independent of the discretization. A structure is divided into the groups of geometric parts " points", "lines", "domains" and "volumes". To each group the other ones of lower dimension are stored. A local coordinate system and nongeometric information can be connected with each group, if it is useful. Finite elements, especially those with a small number of nodes, do not describe the geometry exactly. Thus it is not sufficient to transmit the information from the first discretization to the finer ones. This is the main reason for this concept.
Regular mesh refinement
Starting with an initial discretization, each element to be refined is divided into four similar ones (Fig. 1) . Since edges generally belong to two or even more elements, we distinguish between the generation of the new nodes at old edges and those within old elements. This requires an array containing the nodes of all edges. It is generated using the initial discretization and then refined in the following processes. The edge-orientated part is the same for both quadrilaterals and be combined. The nodal coordinates are interpolated from the old necessary -adapted to the boundary (see below).
triangles, such that they can nodes of the edge and -if
Within the element-orientated part it is necessary to find the already existing new node numbers. Therefore, the old edges have been arranged in a lexicographic order with respect to the end nodes. The inner-element nodal coordinates can be computed (a) using only the old nodes of the elements, which is the easier way, or (b) using all suitable neighbours including new nodes. This preserves an influence of the boundary shape on the inner element nodes (Fig. 2 ).
Shape adaptation for curved boundaries and domains

I. Curved domains (shells)
The description of the shell surface contains the 10 parameters of the complete second-order polynomial fF(x, y, z) = ax* + by* + cz2 + dxy + eyz + fzx + gx + hy + iz +j = 0.
(1) This equation implicitly describes surfaces such as cylinder, cone, ellipsoid and hypar. The often used nine-node biquadratic shape functions are integrated into this concept. In general one parameter has to be chosen and the others must be calculated from nine conditions. The coordinates refer to a local system, which is defined for each part of the domain.
Each node has the initial coordinates x0 = [x, y, zl'
arising from input or interpolation. They are corrected following the direction Ax = [Ax, Ay, AzlT,
i.e., along the spatial line X, = x0 + t Ax.
(2)
The exact coordinates fulfil the equation
In general one obtains two solutions:
The closer point, which has the smaller absolute value of t, is chosen. The case r = 0 results in a linear equation.
If nodal coordinates are put in, only the pair { x, y } is given in the local reference plane, z0 is set to 0, and the third component is calculated by (6) and (4) in the direction Ax = [0, 0, llT.
The interpolation of nodal coordinates within a refinement process yields a z,,. The Ax of (7) would lead to a nonequidistant mesh, the mesh size depending on the slope of the surface. Therefore, 
(11)
The polynomial function fF can easily be obtained from (11) and (lo), but if the generating line is not straight, the order 2 is no longer sufficient. On the other hand, an increasing number of parameters should be avoided.
The local coordinate system mentioned above can also be a cylindrical one, where the components x, y, z in f, are replaced by $, z, r, and the reference plane by a reference axis. In
(1) the coefficients of the terms containing C#I are 0 in the case of axisymmetry, but need not be 0 in general. The meaning of these parameters will become comprehensible, if the reference axis is thought to be extended to a plane with the coordinates $I and z, where r is the height. If pairs { c#+ z} are put in, the initial radius must be set to a given value r0 > 0.
Curved boundaries
Boundaries, which are curved in the local reference plane, can be described by a complete polynomial function using the local coordinates x and y, analogous to curved domains. This includes all cone sections. The 3-node quadratic shape functions can be transformed into this description.
The intersection of two different shell surfaces generally leads to spatially curved penetration lines. The coordinates of nodes, which belong to such a curve, are corrected using the following conditions.
(1) The correct coordinates X, must fulfil the two equations of the domains penetrating each other:
(2) X, should be located in the plane defined by the two gradients in the initial point x0:
x,=xg+s v&J +t vg(-Q>.
An explicit solution of (12) using (13) is practically impossible, especially if the two shells are given in two different coordinate systems. Instead, Newton's method is used. The following preparations must be executed: _ compute the gradients in the associated local coordinate system; _ transform these vectors into global coordinates; _ transform each gradient to the other local system. Then (12a) and (12b) together with (13) are given in different coordinates, but the parameters s and t they depend on are identical. The derivatives are extensive expressions, but can be handled.
Cylindrical coordinates
In cylindrical coordinates the gradient reads 
The transformation of the other gradient vector (belonging to the penetrating shell) to the cylindrical coordinate system leads to a nonvanishing A+. Therefore, nonlinear relations appear between A+ and AZ as well as between A+ and Ar. The derivatives become too complicated. Therefore the tangential matrix is calculated numerically using the following algorithm:
(1) compute the gradients in their local systems; (2) transform them to global coordinates; (3) calculate x(sO, to), x(so + csr to), x(s,,, t, + et) and transform these coordinates to the local systems; (5) 
Mesh generation
Mesh generation is handled as an extension of the uniform refinement. Instead of dividing edges into two and elements into four, the division can be prescribed arbitrarily in each direction. In this case a very simple initial discretization can be used. As explained above, the refinement includes two steps concerning edges and elements. The basis is a nine-node element. If a smaller number of nodes is given, the coordinates of the missing ones are interpolated and moved to curved boundaries, such that the position of the nodes within the domain can be adapted to the shape of the boundary. In any case the resulting mesh will consist of elements with the original number of nodes. See Fig. 4 . 
Local refinement
Within adaptive refinement steps, the mesh is only divided, where it is indicated by criteria (see below). Then refined and unrefined regions are put together ( Using meshes of quadrilaterals we have to distinguish the following cases. A transition element can be surrounded by (a) three or four refined elements, (b) two refined elements at opposite sides, (c) two refined elements at edges meeting at a corner ( Fig. 6(a) ), or (d) one refined element ( Fig. 6(b) ). In case (a) the element is refined regularly, in case (b) it is divided into two. For the cases (c) and (d) three possibilities are considered. Independent of the variants below in the cases (b) to (d) the transition element is divided into four, if in the next step at least one refined edge is divided again. This is necessary to avoid disadvantageous side length ratios or angles.
Special shape functions
Gupta [6] and McDill et al. [8] give fieldwise bilinear shape functions for an element containing irregular nodes. Because of a hierarchical formulation the number of nodes can vary from 4 to 8. The integration points and weights have to be modified. A more general way is to divide the element into four (case (c)) or two (case (d)) subelements. If a node is connected with a refined edge, the related shape functions of these subelements are used, otherwise those of the mother element. In the latter case the unit square coordinates have to be modified, for example .$;I;,=W$,
where 5 refers to the new and <* to the old element within the range -1 < < < 1. This method is unsuitable for shells, because kinks between new edges cannot be taken into account.
Transition conditions
The idea of an often used method is to eliminate irregular nodes using the shape functions of the unrefined neighbour element. For reasons of compatibility with the other methods -in order to make it easy to program them all and to compare them -a variant is suggested, where the transition zone is divided into four or two elements. This makes the irregular nodes regular, but leads to new irregular ones, which are temporary (Fig. 10) . On element level their degrees of freedom can be eliminated by using the shape functions mentioned above in two ways.
(1) Compute all stiffness matrices of the transition zone first and then condensate the degrees of freedom.
(2) Replace the shape functions related to the temporary nodes by those of the neighbours. The latter is considered in detail.
In general a function ui within an element is given by where C is obtained by evaluating Nb of element I at the midpoint of the edge. Then it follows from (22):
=: N;
N< replaces Nb,, and NbT is used instead of N,.
Irregular refinements
One can try to discretize the transition zone in such a way that all nodes become regular. In case (c) (Section 2.4.2) this is possible using only quadrilaterals, two of them being distorted (Fig. 8) . In case (d) one (cf. [lo] ) or three (cf. [4] ) triangles are needed (Fig.  9) . Recognizing certain patterns in the neighbourhood the triangles can partially be eliminated. Advanced strategies [lo] allow a complete elimination, but lead to an increasing refinement zone.
The formulation of remaining triangles should be consistent to that of the quadrilaterals, otherwise one can lose the theoretical foundation of the indicators. In practice a stiffening can be caused by (inconsistent) triangles.
In Fig. 10 the three methods are put together. With our variants it is easy to program them all within one refinement routine, because they only differ in the use of the middle node. 
Triangles
All variants described above can be applied to meshes of triangles, but there is an additional way of the category "irregular refinements", suggested by Rivara [12] . See Figs. 11 and 12. At least the longest edge has to be divided, if an element is refined in any way. This leads to a moderately wider spreading of the refinement zone, but includes the following advantages.
-There is no danger that the angles of the new elements degenerate after several refinement steps.
-Therefore there is no need to change transition discretizations within further steps. This keeps the meshes completely nested, which is useful, e.g., for multigrid solvers.
Special properties of shells
In this section we consider shell discretizations by finite elements, which uses only nodal coordinates as geometric data. If the element formulation takes the discretization-independent description of the shape into account, a part of the advices below may become obsolete.
Depending on the chosen variant the transition zones need a midpoint node. If this is moved to the exact shell surface, one can obtain -"artificial" elevations (case (d), Fig. 13 ) or -changes in the slopes of the surface, which are stronger than necessary (cases (c) and (d)).
Furthermore, the generation of regular and transition elements within one refinement step by resolving an old transition zone should lead to the same result as generating regular elements first and the transition elements in the next step. The solution of these problems -do not move the middle nodes of the irregular regions to the shell surface; is: _ interpolate the midpoint coordinates from all suitable actually existing neighbours (Figs. 14 and 15); _ move an old midpoint to the exact geometry, if a transition zone is divided later (Fig. 15) .
The number of neighbours may vary from 4 to 8. That is why a hierarchical formulation respectively programming of the geometric shape functions is required.
A posteriori refinements criteria
Norms
The following notation denotes: is developed, where the first term denotes the jumps in the stresses at the edges and the second the inner-element residual, vanishing in the case of linear shape functions. h is the element size.
Differences to improved stresses
The following criterion was suggested in [16] . Within a postprocessing the stresses are smoothed by using shape functions being one order higher than they are derived from the FE-formulation (e.g., the same as for the displacements u): u * =N&*, (I * continuous stresses,* nodal values.
Thus the stresses become continuous.
The nodal values can be obtained from the condition that the integral over the squares of the differences between the original and the improved stresses should become minimal. This leads to the equation
Nodal averaging is a simple, but sufficient alternative in general. Assumed that this smoothing yields improvements, the differences between the continuous and the FE-stresses can be used as estimators of the error in stress terms 11 e II',, = 4, ,(8* -5hhr)TNTC-1N(a"* -(jh,) dS2.
(37)
Gradients
The mesh should be fine, where the exact stress gradients are large. For a refinement criterion, those of the smoothed discrete solution are evaluated in the centre of the element, the length of the gradient vectors being computed.
For the combination of the components the Euclidean norm (38) can be used, if either membrane stresses or bending moments are considered.
A weighting of these two parts by the stiffnesses is possible in shell analysis. Independent of the origin of the components the maximum The other criteria above contain the element size. Here, this can be multiplying v2 of (38) or (39) by h*. Using the gradient of the element energy (39) on the total achieved by leads to an indicator, which underestimates low stress levels. This can be advantageous, e.g., for crack propagation problems, where only the high stress region around the crack tip is of interest. Another criterion with this property is given in [9] .
Shells
E. Stein, W. Rust / Finite-element discretization in structural mechanics
In 2D problems we do not have complete systems of stress components. Therefore one cannot transform them in the space. For the criteria above, element stresses have to combined at the nodes. That is why a nodal (Cartesian) coordinate system is defined, where the third direction g, is the gradient of the surface function fF (Section 2.2.1). The first direction g, is projected to the element planes. The stress components are transformed with respect to g,. The kinks between the planes are neglected.
If nodal averaging is used, g, may be arbitrary, but tangential:
g, =& xg3-
If a global postprocessing (36) takes place or if one has graphic options in mind, g, must change continuously.
A natural choice is the direction of the main curvatures. If a parametric representation of the surface is given, convective derivatives are suitable. In our implicit description it is complicated and case dependent to form second derivatives implicitly. For special shapes within our concept, parameter representations are available. In general one can solve (1) with respect to one of the coordinates x,, e.g., z, and obtains
The choice of x, depends on the value of the coefficients a to f. The convective derivatives are tangential to the surface and located in the plane defined by the gradient vector and one direction vector of the coordinate system, here e, or ev. This result can be obtained more directly, choosing one e,, here e,, as g, in (41) and (42). In order to be continuous over and above one octant, g, is calculated analogous to g, using the other direction, here eY. Then it is controlled that the nodal system {g,, g,, g3} is right handed. For the calculation of edge jumps a transformation to the edge direction is required. Fig. 18 . Fifth meshes, uniform and adapted [3] , linear element. 
Examp Ies
I. Plane elasticity
The elements used are triangles and quadrilaterals with linear and quadratic shape functions, the latter ones with rotational degrees of freedom at the corners (cf. [l] ).
The example is a plane with constant loads at two opposite sides and a crack in the middle (Fig. 16 ). For a Griffith crack within an infinite region there is the analytical solution with the notation depicted in Fig. 17 . Table 1 shows some displacements at the nodes depicted in Fig. 16 and stress values at the integration point, which is the closest to the crack tip. The stresses are calculated with different uniformly and adaptively refined meshes, the latter ones obtained by the gradient criterion. One can see that the solution is represented by the finer adaptive discretizations nearly as accurately as by the uniform ones with the same smallest mesh size, although the adapted meshes have an essentially reduced number of degrees of freedom. This statement holds for the coarser regions, too. The solutions converge to the analytical solution as far as it can be expected. Figures 18-27 show the meshes and the distribution of the normal stress uv (compare with Table 2 ) along the symmetry axis, which includes the crack, for different criteria and elements. In each case the limit was 77 = 0.5 (see (32)).
Shells
The shell element consists of the Allman membrane part [l] and a plate bending element of Fried and Yang [5] . Originally it is a triangular element, but a quadrilateral can be formulated in a similar way. The shell element has only corner nodes, each with 6 degrees of freedom, such that a spatial transformation is possible. A shallow shell formulation is added. The example is one of the standard test problems for shells, namely the pinched cylinder with end diaphragms (Fig. 28) . Figures 31 and 32 show the Zienkiewicz/Zhu [16] and the gradient criterion of mesh 4, the density of the hatching representing the value, and the resulting fifth adapted mesh. In Figs. 29 and 30 the obtained displacements under the load are compared with each other and with an analytical solution. It can be seen that the convergence behaviour of the adaptive and the uniform discretizations is similar. The adaptive ones even yield better results. The distributions of the displacements and a bending moment are compared in Figs. 33-35 , showing a good agreement. See Table 3 .
Concluding remarks
The paper treats the FE-mesh generation of plates and shells with automatic a priori refinements techniques, regarding the real geometry and the a priori refinement criteria as well as the optimality of each refinement stage. The description of the shell is mesh-independent such that a wide class of curved surfaces and boundary lines can be described. An interesting point are the variants of treating the transition zones with regular and irregular elements. In the case of discretizing the transition zone by distorted quadrilaterals the solution can deteriorate, if the elements are sensitive to distortions. On the other hand the implementation of this method into an existing FE-program can be easier, because neither the computing of the element and the global stiffness matrix nor the equation solver have to be modified.
Furthermore, a posteriori error adapted mesh refinements -using suitable indicators -can be realized with our mesh generator SHELLGEN.
Three a posteriori error indicators, namely two residual-and one gradient-derived indicator, were applied, and comparing results of common benchmarks were given. The refined regions around singularities (e.g., for the pinched cylinder) are similar for all indicators and the results are approaching each other. Of course, the efficiency of the refinement technique is very large, comparing the computational effort with that for uniformly refined meshes.
Open questions arise with systems having several singularities of different order. The application to nonlinear problems is in progress.
